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Abstract-Fuzzy theory techniques are applied to susceptible-infectious SI epidemiological mod- 
els. The transmission coefficient is considered as a fuzzy set and the mean number of infected 
individuals is compared with the trajectory of the mean virus charge Z(G, t). Also, the basic repro- 
duction value Ri is discussed for this formulation and, using R{, a control policy of the disease is 
discussed. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The mathematical study of epidemics is important for a better understanding of their evolution, 
stability, and control. The classical deterministic mathematical models which describe these 
phenomena do not incorporate the high degree of subjectivity involved in modelling them. 
Aiming to describe the dynamics of the disease transmission in a more realistic way, several 
models that incorporate some heterogeneity have been proposed. According to Sattenspiel and 
Simon [l], there are five main sources of heterogeneity in the mathematical models: variable sus- 
ceptibility, variable infectivity, age structure, variable number of contacts, and different patterns 
of contact distribution among the subgroups. Greenhalgh [2] studied models with age structure 
to model childhood diseases. Hethcote et al. [3] presented a model where the population is di- 
vided in subpopulations according to the number of contacts between the individuals. Diekmann 
et al. [4] considered the heterogeneity of the contact distribution to study disease invasion in a 
population. Boylan [5] studied disease propagation considering the variable susceptibility in the 
population, arguing that this difference can be due to biological, behavioral, or environmental 
effects. Generally, each of these models considers a discrete population, utilizing compartments 
to characterize the diversities. However, the classification of individuals, and the consequent 
inclusion in a determined stage and the transition from one stage to another, is not a simple task 
and can result in a mathematically very complex global model as the number of compartments 
increases (see [6]). 
In this initial work, we will deal with an epidemic model considering the different degrees of 
infectivity that each individual of a population can present without, nevertheless, subdividing 
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the infected class into compartments. Suppose that the number of new infections is proportional 
to the number of meetings between infected and susceptible individuals, considering that the 
chance of transmission is uncertain, though it becomes higher as the infectivity of the infected 
individuals increases. 
These uncertainties will deal here with techniques of fuzzy theory, as devised by Zadeh [7]. In 
the last decade, the fuzzy theory has been used in mathematical modelling of biological phenom- 
ena, such as biological pest control (see [S]) and population dynamics (see [9]). 
The techniques of fuzzy theory used in this work are summarized in Section 2. In Section 3, we 
present the analyzed epidemiological model. Section 4 is dedicated to the model analysis and its 
solution, while in Section 5, we present a new definition of the basic reproduction value, different 
from the classical model one, mainly due to considering various degrees of infectivity of infected 
individuals. Finally, in Section 6, a discussion about our work is presented. 
2. PRELIMINARIES 
Let U be a nonempty set. A fuzzy subset f of U is defined in terms of a membership function u 
which to each element x of U associates a number u(x), between zero and one, called the degree 
of membership of x to F. Thus, the fuzzy subset F is symbolically indicated by its membership 
function 
ur : 24 ---t [O, l] . 
Here we use only the membership function u to indicate the fuzzy subset F. Also, when U is 
the set of real numbers, f will be called just fuzzy number. 
It is interesting to notice that a classical subset A of 2.4 is a particular fuzzy subset for which 
the membership function is the characteristic function of A, that is, X, : U --+ (0, l}. 
To use a defuzzification procedure to obtain a crisp value, namely, a real number which repre- 
sents a fuzzy set (in our case, an average value of the infected individuals number at the instant t), 
we need the concept of fuzzy measures, which is given here according to Nguyen and Walker [lo]. 
Let R be a nonempty set and P(Q) the set of all subsets of R. The function p : P(Q) + [0, l] 
is called a &zzy measure if 
(a) p(0) = 0 and p(LR) = 1, 
(b) P(A) i CL(B) if A G B. 
Let u be a fuzzy subset. The fuzzy integral, or fuzzy expected w&e of u, FEV [u], is defined by 
where {u 1 cr} = {x E R : u(x) 2 cy}. 
An example of a fuzzy measure is the measure of probability and, in this case, Sugeno [ll] 
showed that the difference between FEV [u] and the classical expectancy E(u) does not exceed 
0.25 when the fuzzy subset u is also a random variable. In this way, the value FEV [u] provides 
a good estimate of mathematics expectancy of the random variable u. 
Since FEV [u] is a real number, in this work, it will be used to defuzzify the fuzzy subset u. 
According to what we saw above, the FEV [u] provides a good estimate for E(u) when the fuzzy 
subset u is also a random variable. Moreover, it is easier to compute FEV [u] than E(u), since, 
for the former, we do not need to use the integral theory (see [12,13]). These are the main reasons 
why we should use FEV [ u as a defuzzifier of the fuzzy subset u. ] 
3. THE SI MODEL 
The simplest classical model to describe the dynamics of directly transmitted diseases with 
interaction among susceptible and infected individuals is the SI model without vital dynamics 
(i.e, the rates of birth and mortality are not considered). We also assume that the disease does not 
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confer immunity and there is no additional disease fatality rate. The model can be represented 
by the compartment diagram 
The classical normalized differential equations which describe such dynamics are given by 
dS 
- = -pLYI, 
dt 
(3.1) 
with 
S+I=1, 
where S is the proportion of susceptible individuals, I is the proportion of infected individuals 
at each instant, and /3 is the transmission coefficient of the disease. 
A fundamental assumption in this formulation is that the population is homogeneous. That is, 
each infected individual transmits the disease with the same chance, given by the real number S. 
So, from (3.1), the number of infected individuals at instant t is given by 
I= 
IoePt 
So + Ioe@ ’ 
where Se and IO are the initial conditions. 
Both concepts of susceptible and infectious are uncertain in the sense that there are different 
degrees in susceptibility and infectivity among the individuals of the population. Such differences 
can arise, for example, when we consider population groups with their distinct habits and customs, 
different degrees of resistance, etc. In this way, we could think of more realistic models which 
consider these different degrees of susceptibility and/or infectivity of the individuals. Focusing 
on incorporating the population heterogeneity in the model, we consider the parameter /3 (which 
represents the chance that in one contact between a susceptible and an infected individual, the 
transmission of the disease occurs) as a fuzzy number. 
We assume that the population heterogeneity is just given by the infected individual’s virus- 
load (see the fuzzy notion of disease [14]). Thus, the higher the virus-load, the higher will be the 
chance of disease transmission. In other words, we assume that /3 = P(u) measures the chance 
of a transmission to occur in a meeting between a susceptible and an infected individual with an 
amount of virus V. In this way, some values of p are more possible than others and that turns p 
into a fuzzy number. 
To obtain the membership function of ,S, we assume that, when the amount of virus in an 
individual is relatively low, the chance of transmission is negligible, and that there is a minimum 
amount of virus Vmi, needed to cause disease transmission. Furthermore, from a certain amount 
of virus VM, the chance of disease transmission is maximum and equal to 1. Finally, we suppose 
that the individual’s amount of virus is always limited by v,,, for each disease. 
We have chosen for the fuzzy subset /3 the following membership function: 
(3.3) 
where Vmi, represents the minimum amount of virus needed for disease transmission to occur. 
This value can be understood as the one which gives the susceptibility of a particular group. In 
fact, the higher the Vmi, value, the higher the amount of virus needed for transmission to occur 
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Figure 1. Membership function of /3. 
and it means that the group has a low susceptibility to the disease. The graphic of /3(v) is given 
in Figure 1. 
To make the model more realistic, we will also consider that the amount of virus of the studied 
group (V) can be different for different individuals. Furthermore, V can be seen as a linguistic 
variable with classifications given by an expert, according to the studied group. Each classification 
is modeled by a fuzzy number which has triangular shape, according to the membership function 
I 
0, if u < V - 6, 
P(Y) = 
;(V-C+f), ifii-5IvID, 
-i(u---V--6), ifD<v<ii+6, 
(3.4) 
0, if v > 3 + 6. 
The parameter P is a central value and 6 gives the dispersion of each one of the fuzzy sets 
assumed by V. 
Figure 2 shows the graphic of P(Y). 
Figure 2. Membership function of p 
In the following, we will study the evolution of the disease being p = /3(u), as discussed above. 
4. ANALYSIS AND INTERPRETATION OF SI FUZZY MODEL 
If in the deterministic model (3.1), we consider p = /3(v), then the solution is given by 
I(u, t) = 
~oePw~ 
So + loeP(u)t 
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I(v, t) can be considered a family of solutions of (3.1) for each fixed v. It represents the 
number of infected individuals at instant t produced by the contact between susceptible and 
infected individuals with an amount of virus v. On the other hand, for each fixed t, I(v, t) is a 
fuzzy number, since 0 5 I(v, t) 5 1. In this way, we can estimate a mean value of the number of 
infected individuals at each instant using some defuzzification procedure on the I(v, t). 
In Section 4.1, the mean number will be expressed through the fuzzy expected value FEV[I(v, t)] 
of I(v, t). In Section 4.2, we will use the classical expectancy E[l(v, t)] to obtain such mean 
number. 
4.1. Fuzzy Expectancy of the Number of Infected Individuals 
The fuzzy expectancy value of the number of infected individuals I(v, t) is given by 
FEV [I] = s”ap<i inf [a, p{I 2 o}] . 
- - 
Let H(a) = p{l(v, t) 2 a}, f or each t > 0. It is easy to see that for QI = 0 and (Y = 1, then 
H(0) = 1 and H(1) = 0. For 0 < cr < 1, and taking k = Se/&, 
H(Q) = /.L{I(u, t) 2 a} = P 
(4.2) 
where u = v”i, + (VM - vmi,) ln(ak/(l - CX))‘/~. Note that vmi, < a < vM. 
Next, we will suppose that for any subset A of real numbers, its fuzzy measure is given by 
Note that p(A) is exactly the probability of A, since p(v)/6 can be seen as a density function of 
probability. 
To study the FEV [I(v, t)], we consider three different cases, according to the linguistic vari- 
able V, and they are classified as weak (V-), medium (Vz), and strong (V+), with each classifica- 
tion being a fuzzy number based on the values Vmin, VM, and v,,,, which appear in the definition 
of 0 (see Figure 3). 
In the following, we are going to study FEV [J(v, t)] for the cases above. 
CASE (a). WEAK AMOUNT OF VIRUS (V-). In this case, we take Dmin > ~7 + 6. 
AS u > Vmin, we have ~[a, v,,] = 0, and thus, 
H(a) = 
1, if 0 5 Q 510, 
0, ifle<aIl, 
and therefore, 
FEV [1(~, t)] = IO. 
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Figure 3. Classification of linguistic variable (V): Viral charge. 
Thus, as all infected individuals present an amount of virus under Vmin, disease propagation 
does not occur. We could interpret this situation as having a highly resistant group (V,in is 
high), which makes the susceptibility very low. In this case, the initial quantity 
individuals remains unchanged. 
CASE (b). STRONG AMOUNT OF VIRUS (V+). In this case, we have taken VM 
P+b<v,,,. 
For this situation, as a 5 v~, we obtained ~[a, u,,J = 1, and therefore, 
le of infected 
< 3 - 6 and 
1, ifO<cu< 
&et 
H(a) = 
So + Ioet ’ 
0, if 
&et 
So + IOet 
<all, 
and so, 
FEV [I(v, t)] = so’_Toet. 
Observe that the expression above coincides with the classical solution (3.2) when we consider 
the transmission coefficient p constant and equal to 1. 
CASE (c). MEDIUM AMOUNT OF VIRUS (VT). In this case, we have taken 0 - b > U,in and 
Pi+&< UM. 
From (4.2), a direct calculation gives 
I l-f (F+l)z. if I(V - b,t) < cy 2 I(P,t), H(a) = 
According to the expression above, we concluded that H(a) is a continuous and decreasing 
function with H(0) = 1 and H(1) = 0. Therefore, H has a unique fixed point which coincides 
with FEV [1(~, t)]. Figure 4 shows this fact. 
Knowing the parameters 6, ii, Vminr VM, and v,,,, characteristic of each disease, the fixed point 
of H(a) can be obtained. This value provides an estimate of the number of infected individuals 
at instant t, according to Section 2. 
To finish this case, we are now going to compare the FEV [I(v, t)] with the trajectory 1(~, t). 
From the expression of H, we can conclude that H(I(F, t)) = l/2 for all t. Thus, FEV [l(~, t)] = 
I(D, t) just when I(u,, t) = l/2. 
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Figure 4. Graphic of H. 
Since FEV [I(v, t)] is the fixed point of H, we have 
FEV [I(v, t)] > I (fi, t) , if I(fi,t) < i, 
FEV [1(~, t)] < I(P, t) , if 1(P,t) > i. 
In this way, the curve I(D, t) does not provide the average number of infected individuals (given 
by FEV [I(Y, t)]). S o, we can say that it is not correct to use the average charge P (value indicated 
to obtain the parameter p in the deterministic model) to study the evolution of disease on the 
whole population, since I(c, t) = FEV [1(~, t)], just at the moment 
VA4 - &An t=t= _ In 
SO 
u - ‘Umin ( > xy ’ 
with So 2 10, for which the increment of the increase rate of the trajectory I(ti, t) is the biggest 
and I(fi, q = l/2 (see Figure 5). 
f 
s- 
t 
Figure 5. Deterministic solution of I(O, t) and fuzzy expectancy value of I(u,t) 
(FEV P(v, t)l). 
Finally, we notice that the FEV [I(Y, t)] can be obtained for an arbitrary fuzzy measure. For 
example, we could have adopted ,U as a measure of possibility (see [lo]). 
~(4 = ;~s P(Y), A c R. 
In this case, a straight calculus provides 
( 17 if 0 5 Ly 5 I,, 
H(a) = SUP 4T,,X] (4.3) 
and the FEV [I(v, t)] is the fixed point of the function H(a). 
With the purpose of comparing I(o,t) with the average number of infected individuals, we 
will calculate, in the next section, the classical expectancy E[I(v,t)] of the number of infected 
individuals for the same cases considered previously, that is, V_, VT, and V+, as above. 
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4.2. Classical Expectancy of the Number of Infected Individuals 
Since the parameter p is modelled by the fuzzy set (3.3), the classical expectancy of the number 
of infected individuals, E[l(v, t)], is given by 
JqI(v,t)) = [r I(v, t)q dv = f J,y I(v, t)p(v) dv. (4.4) 
CASE (a). WEAK AMOUNT OF VIRUS (V_): vmi, > v + 6. In this case, the transmission 
coefficient P(V) is null for all infected individuals. 
E[I(v, t)] = f Jc4” I(v, t)p(v) dv = IO. 
CASE (b). STRONG AMOUNT OF VIRUS (V+): VM 5 D - b and D + 6 5 v,,,. In this case, the 
transmission coefficient is maximum for all infected individuals, that is, P(Y) = 1. After doing 
the calculations, we obtain 
Note that, in both cases above, the classical and fuzzy expectancies coincide. 
CASE (c). MEDIUM AMOUNT OF VIRUS (VT): 0 - 6 > vmi, and G + 6 < VM. In this case, the 
transmission coefficient S(V) is variable for all infected individuals and, knowing the parameters 
6, 0, vmin, VM, and vmax, we get the value E[l(v, t)] by integration. 
In the following, we will compare E[l(v, t)] with I(P, t), as we have done at the section above 
for this case. For this, we use the Jensen inequality. 
For each t > 0, we define the function 
with m, n > 0. 
The function gt(x) is concave if x < lnm/nt and convex if x > lnm/nt. By the other side, 
I(v, t) = gt(x), and m = (So/lo) exp(tv,i,/(vM - Vmin)) and n = l/(v~ - V,in). This way, the 
inflection point of St(x) is Z(t) = lnm/nt = bin + ((VA4 - %nin)/t) Ws0/~0). 
If (Se/lo) < 1, then Z(t) < V,in < D - 6 and, in this case, gt(x) is a convex function for all 
t > 0. Thus, the Jensen inequality gives 
for all t > 0. 
If SO/&, > 1 and t < ln(Se/lc), g t is a concave function and, again, the Jensen inequality 
provides 
E[l(v, t)] > I(o, t). 
From t = ln(Sc/lo), there will be an instant t for which E[T(v, t)] = I(@, f), since lim+, 3(t) = 
v,i, < 6 - 6 and, in this case, gt is a convex function. From this instant f, E[l(v, t)] will be 
smaller than I(v, t). 
So, the conclusions here are analogous to those for Case (c) of the section above. But here 
the 5 is not known, whereas in Case (c), 
zlA4 - Z)min t= _ In so 
w - vmin ( > 0 ’ 
which coincides with the inflection point of I(fi, t). 
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5. BASIC REPRODUCTION VALUE 
For epidemiological models, an essential parameter concerned with disease evolution is the 
basic reproduction value, Ro, which gives the number of secondary cases caused by an infected 
individual introduced into a wholly susceptible population. In this way, this parameter indicates 
under which conditions the disease propagates in the population. In the deterministic models, 
if an infected individual yields more than one new case (that is, Rc > l), then the disease 
is propagated. On the other hand, when I& < 1, the disease is extinguished. For simpler 
epidemiological models, the expression for this parameter can be obtained from the condition 
z > 0, which is the condition for an increase in the number of infected individuals. In this way, 
for the classical SI model, we would have 
dI 
z >O~psr=p(1-1)I>o, (5.1) 
which is satisfied while there are susceptible individuals in the population, because /3 > 0. In 
other words, we will have l& > 1 whenever p > 0 and I < 1. 
However, when we use a fuzzy set to describe the p parameter, other situations can occur. In 
our case, according to the analysis done in Section 4, to maintain the mean number of infected 
individuals constant and equal to Io, we should have p[a, vmax] = 0. Therefore, any of the 
expressions (4.2)-(4.4) imply P(Y) = 0 for all v E [a, vmax], namely, F + b < a for all (Y E [0, 11. 
Thus, we conclude that the disease transmission will not occur if D + b < Vmin, which means that 
no infected individual has the minimum amount of virus needed to transmit the disease. 
Based on the above conclusions, we can define the &z.z~ basic reproduction value for our model 
RfUZz,’ 
0 =-. 
urnin 
The aim of control measures to prevent an epidemic is to obtain l& < 1. In the classical SI 
model, there are no strategies, because the variation of infected individuals is always positive. 
That is mainly due to the fact that the parameter p is considered as a real number, as we have 
seen above (5.1). On the other hand, if p is considered as a fuzzy set, even this simple model 
gives additional information to the disease dynamics. For example, it is possible to interfere in 
the disease evolution by reducing the parameter value RF. It can be done in two ways. 
(1) 
(2) 
Increasing the value of Vmi,. This is a consequence of an increase in the resistance of 
susceptible individuals (decreasing their susceptibility) which could be done, for example, 
through vaccination, sanitation measurements, etc. Since Vmin parameter is related to 
susceptible individuals, this way of lowering RF is related to control policies to prevent 
the disease. 
The other option to reduce e is through the reducing P+ S. Reducing 6 could be done 
through control policies with respect to the infected population, for example, isolation. 
Reducing c is related to treatment, as, for example, by using some medicines. 
The above situations show two possible strategies of public health care. While (1) indicates 
an action in the whole population, (2) acts directly on infected individuals. It is obvious that a 
combination of both is more efficient in the prevention and control of the disease. 
6. DISCUSSION 
The use of fuzzy theory in this work allowed us to study the SI model, considering the hetero- 
geneity within the compartment of infected individuals, without subdividing it into many other 
compartments. For this, we considered just one equation, which depends on parameter v, for 
the whole population of infected individuals. So, we obtained a set of solutions (4.1) for that 
equation with some solutions being more possible than others, according to the viral charge u of 
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each individual. A defuzzification procedure, like FEV[I(w,t)] or E[l(v,t)), at the appropriate 
moment t, makes the fuzzy model more general than the deterministic one, which does not admit 
any kind of uncertainty and, consequently, the defuzzification is necessary at the instant t = 0. 
So, the defuzzification of viral charge at t = 0 yields the deterministic solution I(a, t) to represent 
the evolution of the disease. But, as we have seen in Section 4, I(+, t) is very different from both 
of the expectancies FEV [I(fi, t)] and E[l(a, t)]. 
Also, from the fuzzy theory, we have derived a formula for the basic reproduction value, Rof , 
and it yields a policy of control of disease that agrees with procedure in public health, according 
to Section 5. 
Cases (a)-(c) analy ze in Section 4 correspond to specific V values. It means that, once the d 
amount of virus V is known in the population, and consequently, the value of D, we can find the 
fuzzy and classical expectancies of the number of infected individuals. 
However, to make the model more realistic, depending on the situation and the disease, we 
can reasonably suppose that the amount of virus V varies in the population. For example, under 
certain conditions, the amount of virus can be taken as a fuzzy process, which means that it 
varies with time; i.e., V = V(t) is a fuzzy set for each instant t. (It might also be interesting to 
suppose that V varies with other factors, such as promiscuity, level of resistance, immunization, 
etc.) 
The choice for the function V(t) depends on the particular behavior of each disease. We 
might have, for example, an increasing function when the environment favours proliferation of 
the infectious agent or a decreasing function when the environment is hostile to the infectious 
agent or a periodic function when the infectious agent varies seasonally due to climatic factors 
(such as temperature and humidity). 
So, the choice of the function V(t) depends on the disease, on the environment, and also on 
the population where the infectious agent is introduced. 
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